We consider a simple Higgs portal model in beyond the standard model scenario: an extra real gauge singlet scalar that couples to the Higgs. We calculate the higher-loop corrections to the cross section of the Higgsstrahlung process e + e − → Zh, along with the tri-Higgs coupling and the wave-function renormalization. We find noticeable contribution to the total Higgsstrahlung cross section, especially coming from two-loop diagrams. We also find that the correction to the tri-Higgs coupling is complex when this extra scalar is lighter than half of the center of mass energy. It indicates a new source of CP violation. In the region of this extra scalar being lighter than a couple of hundreds of GeVs, we argue that the higher-loop calculation is a more reliable approach than the effective field theory calculation.
I. INTRODUCTION
Since the successful and exciting Higgs discovery [1, 2] , studies of Higgs properties have been the focus of high energy physics. The Higgs physics: the Higgs related couplings and processes now have become our major guide to new physics beyond the standard model (BSM) and will be further explored in the next coming years.
Many couplings of the Higgs have already been constrained by the large hadronic collider (LHC), including the Higgs couplings to fermions, gluons and electroweak gauge bosons. All of them are within 20% of the SM prediction [3] [4] [5] [6] [7] [8] [9] . The impending Run-2 of the LHC, and the higher luminosity upgrade program will improve the current measurements and take additional measurements. Among them, the tri-Higgs coupling is an anticipated new type of interaction.
Studies show in high luminosity LHC, 30% to 50% accuracy of the measurement can be achieved [10] [11] [12] [13] and down to around 10% in the future hadronic collider designs [14, 15] .
However, due to the overwhelming hadronic processes, it is hard to obtain Higgs measurements in hadronic machines below a few percents both due to systematic and theoretical errors. Meanwhile the Higgs coupling measurements depend on Higgs decay rates at LHC which are model dependent, since the total width of the Higgs is not a direct observable. To measure the Higgs couplings with better precision, proposed future precision high-energy e + e − machines, e.g, ILC, CEPC,and FCCee (TLEP) are needed. Experimentally, the events are very clean in those leptonic machines.
The SM precision measurements can be obtained without hadronic processes. Moreover, the cross section of e + e − → Zh is proved to be a robust, model-independent measurement through Z tagging [16] . Those facts make the cross section of e + e − → Zh a good observable to probe the physics beyond the SM. In table I we show a list of Higgsstrahlung constraints for different future e + e − collider proposals.
There are extensive previous studies on anomalous Higgs couplings, and their impact on the Higgsstrahlung process [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . A complete one loop SM calculation has been done more than 20 years ago by A. Denner [33, 34] . Unlike the fact that studies of QCD cross section have gone even beyond the NNLO, because of the perturbative nature of electroweak physics and lack of experimental measurements, people hardly go beyond one-loop in Higgsstrahlung process. Here we consider a well-studied BSM model, adding H † HΦ 2 to the Lagrangian with Φ being a singlet scalar.
This model belongs to the Higgs portal class and Φ could also couple to the dark matter [35] [36] [37] [38] [39] [40] [41] .
It also has the ability to change the electroweak symmetry breaking dynamics [42] [43] [44] , achieving a first-order phase transition. This simple model can also be embedded into many UV-completed models, including supersymmetry [45, 46] , and stringy ones.
In this paper, we study this simple yet well-motivated SM extension, and go beyond one-loop effects. There has been previous attempt that went beyond one-loop level by using an effective field theory approach [47] [48] [49] . Those approaches are valid only when the new particles are heavier than a few hundred GeV-the scale that lepton colliders are probing. This is due to the nature of the effective theory: integrating out heavy particles/short distance. The lighter scalar region is experimentally valid in some cases, and interesting phenomenologically, e.g., serving as some dark matter portals as in [39] [40] [41] .
The paper is organized as follow: in section II we lay down the theory framework of this model.
We present the possible CP violating tri-Higgs coupling correction and the Higgs wavefunction correction to the SM couplings. In section III we present the calculation of the Higgsstrahlung process up to two-loop level in this BSM scenario. Those contributions can be divided into three groups of different diagrams, and part of those diagrams can be reduced to one-loop diagrams.
Some special packages are used to evaluate the loop integrals, and the results are semi-numerical.
In section IV we briefly discuss the impact on the electroweak baryogenesis. We conclude in section V. 
II. THE THEORETICAL FRAMEWORK
In this section, we outline the general framework of our discussion, and present two useful results on tri-Higgs coupling and the analysis on the Higgs wavefunction renormalization for later use. Especially we deal carefully with the small mass region of the extra scalar.
A. The Higgs potential and the correction to the couplings
In this work, we assume a single SM Higgs doublet H with a general renormalizable tree-level Higgs potential, responsible for electroweak symmetry breaking:
, and going to the unitary gauge now, which sets H + , A 0 to zero. Note that we only do this for the tree and one-loop related calculation. We switch to t'Hooft-Feynman gauge for the two-loop calculation later. In unitary gauge we have:
The Eq.3 above includes the symmetry factor, for the Feynman diagram calculation later. In 
After electroweak symmetry breaking, and taking the SM Higgs part, this becomes:
We call this model "Z 2 symmetric SM+S" scenario. It has been discussed in different aspects, to solve problems including "naturalness", electroweak symmetry breaking, baryogenesis and WIMP dark matter. This simple model can arise from various BSM scenarios. In this work we adopt the most general and simple form of the model, and focus on the Higgs-related higher loop effects.
The higher loop corrections get directly into the precision Higgsstrahlung process and potentially contribute to the EWBG with noticeable size.
The relevant parameters in this model are µ Φ and κ. Here we assume that:
From now on we treat m Φ as the physical mass and deal with it rather than µ Φ . We also focus on m Φ > m h /2 region, since otherwise it is very constrained from Higgs decays branching ratio data.
B. The Correction to tri-Higgs coupling
We start with the one-loop effect induced by the extra scalar in this model. Higgs propagator of the HΦΦ coupling is on-shell with one of the outgoing particle energy s = m 2 h , which happens in Graph c and d in Fig 5. Here we define the vertex function with the tree level value and the loop correction as in 
Defining a function δ h (m Φ , s) as the correction to the SM tri-Higgs coupling as −(1+δ h κ 2 )
We plot the δ h (s) as the function of m Φ in Fig.2 . We use this result to simplify some two-loop diagrams later. It also shows that with much lighter m Φ , the correction to tri-Higgs coupling increases dramatically.
C. The wave function renormalization
The extra scalar field Φ renormalizes the Higgs field at one loop level, and no other one-loop corrections with this scalar at this level. Then one can rescale h → (1 − δZ h /2)h. It rescales all Higgs couplings, including cubic and quartic couplings, and all Higgs couplings to weak gauge bosons and fermions. This rescaling is physical. The corrections to one-loop processes due to Z h is considered to be two-loop effects by counting 1/(4π) 2 . These one-loop integrals can be generated and calculated in Feyncal, FeynArt and Looptools [55, 56] . We define: 
Here the B(p 2 , m 2 Φ , m 2 Φ ) is defined and evaluated in Feyncal. We plot the value of δZ h in Fig.3 . At tree level, the HZZ coupling becomes ieg µν M w Table. II.
All the one-loop diagrams are calculated in [34] . It includes the correction from wave-function renormalization in the SM. We plot all the two loop effect combined in Section IV, after the discussion about other diagrams. 
III. TWO-LOOP EFFECT IN HIGGSSTRAHLUNG AND BEYOND

A. Some nontrivial loop integrals
We show all the diagrams up to two-loop level with Φ scalar in Fig.5 . We notice that some of those can be reduced to one-loop diagrams plus corrections: the value of diagram c and d can be evaluated by the diagram a and b with a constant tri-Higgs coupling correction.
For Graph e,f,g, however, we can not reduce them to one-loop diagrams. Notice that at two-loop level when we are doing the calculation of Graph e, f, g in t'Hooft-Feynman gauge, there are some non-standard Higgs related vertices involving eaten Goldstone boson, e.g.,
However those vertices are not present in our case. In t'Hooft-Feynman gauge the gauge boson propagator is simplified to −ig µν /(k 2 − M 2 z ), which simplifies the whole calculation. One can integrate out the extra scalar in the region that Φ is much heavier than the energy of the process, typically the proposed energies of ILC and TLEP: a couple of hundred GeVs. Here we do not make that assumption.
We choose to evaluate the loop diagram directly. Define the loop integral as below:
p is the outgoing 4-momentum of H, and s is the center of mass energy of the process.
The way to treat higher-loop diagrams is widely studied, especially in the SM QCD calculations, and in some formal aspect of scattering amplitudes. The analytical way to do it is through the reduction of amplitudes to master integrals [57, 58] . It is more involved than the numerical calculation.
A main challenge in computing Feynman diagrams is the evaluation of integrals over loop momenta. For multi-loop diagrams containing several mass scales we cannot realistically hope for an analytic solution; we are forced to resort to the numerical integration. The general steps are listed as follow:
1.Combine all propagators using a single set of Feynman parameters x i . Then shift and rescale the loop momenta to reach the standard form of the denominator.
2.Perform the Gaussian integrals of the momenta. 
B. Two-loop contributions in Higgsstrahlung and beyond
The regularized differential cross section including higher order corrections in ee → ZH process is:
With σ = ± 1 2 , λ = 0, 1, −1 being helicities of the incoming electrons and outgoing bosons. P ± are the degrees of polarization of the incoming fermions, such that a purely right-or left-handed electron corresponds to 1 and -1 respectively. If we assume an unpolarized beam, P ± = 0.
E is the beam energy, S = (p 1 + p 2 ) 2 = 4E 2 . g σ e is the coupling of the Z-boson to left-and right-handed electrons. Notice that at the tree level ee → ZH:
contains the polarization information of Z boson, for the definition see [33, 34] .
The δM σ,λ here stands for the contribution of the higher loop diagrams to the invariant matrix element.
Two-loop results from wavefunction renormalization
At tree level due to the extra scalar wavefunction renormalization, the HZZ coupling becomes
The matrix element from this vertex correction is:
The correction to the tree level diagrams due to this wave function renormalization is:
This is considered to be all the one-loop correction coming from the extra scalar, in the case that the extra scalar only couples to the Higgs sector.
For one-loop diagrams, δZ H correction gets into all the Higgs related couplings in forms of 
The i summing over all the SM one-loop diagrams, around 50 diagrams as calculated in [34] . n i here labels the number of the Higgs lines in each diagram. We are not calculating it one-by one here, and only approximate the total correction by using Eq 16:
With a h being the average number of Higgs lines in each one-loop diagram. The δσ
is the one-loop SM correction comparing the tree level result. This ratio is around 5% for centre of mass energy below 1TeV as calculated in [33, 34] . The equations above give rise to the two-loop correction coming from the Higgs wave function renormalization. We plot all the two loop effect combined in section IV, after the discussion other diagrams.
Two-loop results from diagram e,f,g
We can write down two-loop diagram corrections to matrix elements as below by using the previous loop integrals:
The symmetry factors of Feynman diagram are S = 2 for Graph e, S = 4 for Graph f, and S = 1 for Graph g in Fig.5 .
Complete two-loop contributions
So we arrive at:
The first three terms count the contributions from Graph e,f,g, while δσ δ h (s, m Φ ) includes the contribution from Graph c,d, calculated from the tri-Higgs coupling corrections. And the last piece includes all the corrections to the one-loop SM diagrams. We use the result from [29] to calculate the δσ δ h (s, m Φ ). We have: 
Now choosing the the center of mass energy √ s = 250, 500 GeV and combining the results, we can plot the dependence of the correction to the total cross section on the mass of extra scalar Φ.
Notice that this is the two-loop contribution. The one-loop result is only through wave-function renormalization: δσ wavefunction /σ SM = δZ h as plotted in Fig.3 . The two-loop contribution comes in different sign in most of the range above comparing to the one-loop contribution, and comparable by size.
IV. THE CONNECTION TO ELECTROWEAK BARYOGENESIS
There has been extensive studies about the constraints on a first-order electroweak phase transition with a single scalar extension to the SM [43, 44] . This is sometimes called "nightmare scenario", for the reason that it is hard to be probed and only contains several slim parameter regions where the strong electroweak phase transition can be achieved. The precision measurement of the Higgsstrahlung cross section can potentially reduce allowed parameter space according to the two-loop result presented in this paper, especially for a gauge singlet scalar. Our result here shows that to correctly constrain those parameters through Higgsstrahlung, one needs to include the two-loop effect, for the scalar mass being smaller than a couple of hundred GeVs. One can see [44] for more discussion on the parameter space of the EWBG. This parameter region will be further constrained by a virtual h * → ΦΦ, tri-Higgs couplings and the Higgsstrahlung measurements in next generation colliders.
The loop correction in tri-Higgs coupling provides an interesting new source for CP violation needed in electroweak baryogenesis. This effect can come from a single Higgs doublet and an extra real scalar rather than the standard two-Higgs doublet model [61] . Whether this new CP violation source is enough to achieve the EWBG remains unknown.
The two-loop thermal correction to Higgs potential due to the extra scalar is beyond the scope of this paper. However we expect it be sizable as well and place non-trivial bounds on the EWPT.
V. CONCLUSIONS
In this paper, we calculate the two-loop contribution to the Higgsstrahlung process for a particular BSM scenario. We have included one more real singlet scalar to the SM. This extra scalar couples to the SM Higgs with Z 2 symmetry. We divide all the two-loop contributions into three scalars. The contributions from those diagrams are not necessarily larger than the ones present in this paper. Furthermore colored extra scalar will get more constraints from Higgs production cross sections in gluon fusion. Electroweakly charged extra scalar can modify BR(h → γγ) which is potentially a powerful observable. The Higgs couplings to all SM particles have already been modified regardless of the quantum number of the extra scalar, as we have shown in section II. In the "nightmare scenario", when the scalar singlet is considered to be a possible dark matter candidate, we have very limited observables to probe it rather than the Higgsstrahlung cross section.
